We discuss the anomaly in the axial vector current for the improved fermion action on the lattice. A detailed discussion of the fermion regularization dependence of the anomaly is given and it is shown that for finite lattice spacing the improved fermion action gives a more reasonable value for the anomaly contribution at finite quark mass than the Wilson action. We also present some results on the perturbative corrections to the decay constants of mesons for the improved fermion action.
Introduction. In a previous paper [ 1 ] we proposed an improved fermion action on the lattice by adding a next nearest neighbor interaction term to the generalized Wilson fermion action [2] . We gave arguments there which suggested that the proposed action should approach the continuum limit more rapidly, and suggested to investigate whether theoretically motivated improvements would also lead to improvements in the quality of the numerical results.
In this paper we address the question of the behavior of the axial vector current anomaly for the improved fermion action for small quark masses, and elucidate the role of the species doubling fermions in reproducing the correct anomaly contribution in the continuum. This problem is of importance because of the well known connection between the anomaly and the ~7' mass. We show that for finite and not too small quark mass (in lattice units) the coefficient of the anomaly has a strong dependence on the fermion regularization. The suppression of the anomaly contribution for the Wilson fermion action at finite mass will be shown to be significantly reduced when the improved fermion action is used. Further on we compute the perturbative correction factors for the meson decay constants to lowest order. These factors are useful in comparing the decay constants on the lattice with those in the continuum.
Theaxial anomaly for the improved action.
It has been recognized since a long time that the spontaneous breaking of chiral symmetry is a cornerstone in the understanding of low-lying hadron spectroscopy [3] . It is also of course, an important topic in the context of the lattice gauge theory.
It was pointed out by several authors [4] [5] [6] that the Wilson fermion action reproduces the correct anomaly in the continuum limit.
In our previous paper [1 ] we proposed an improvement action of the following form S = Sgaug e + Sfermio n (1. This action gave the Feynman rules for the fermion propagator and the three-point fermion-gluon vertices in the form S~ 1 (p) = 1 -2k ~ (r cos Pu -iTu ~in pu ) -2 ~ (C cos 2pu -iDTu sin 2pu),
Here the T a's are the generators of SU(N) and the hopping parameter k is related to the fermion mass. We then require that the fermion propagator and the vertices approach the continuum limit rapidly, which is achieved by adjusting the coefficients of the O(p 2) and of the O(p 3) terms in the fermion propagator to be zero. In this way we get the constraint
Notice that what we have written down is basically a truncated SLAC derivative fermion action, in the sense that an improvement to all orders in p would correspond just to using the (nonlocal) SLAC derivative formulation [7] . We will now discuss the axial anomaly for the improved ferrnion action. By performing the chiral transformation on the fermion fields ~n "-~ exp(i750)~n , ~n ~ ~n exp(i750), (1.5) we get the lattice axial Ward identity
2mJS-Xn=O,
where we have defined 
The quantity ja is the vector current
The lowest order contribution to this matrix element on the lattice is given by (see fig. la and lb)
where we have shifted the internal momentum k u ~k u + l u, and lu can be taken to be a linear combination of the external momenta
The coefficients c and d will be determined later in order to satisfy the vector Ward identity. We also wish to define the following quantities
(1.14)
n,m ab xab ~, , The lowest order contributions to 2mFuv(p, q) and uvlP q) are given by
and by In this way we can give the deviation in one loop level from the tree axial Ward identity ofeq. (1.6). In momentum space, it can be written as ....
M2(k + l) + S2(k + l)
I so(k + l+ p) + t-q)
where we have set (1.23) where l(r) is the integral
In a similar way we get the vector Ward identity
The total axial anomaly contribution is then ab ba Xuu(P, q) + Xvu (q, P) = (g 2/27r2 ) tr( Ta Tb) eta~ vtsPaqJ (r), (1.27) where we have defined
The coefficients c and d are determined by requiring that the vector Ward identity be satisfied
Now a very careful treatment for the anomaly coefficients I(r) andT(r) is needed. Generally speaking, the regularization parameter o~ can be sent to zero only after the momentum integration has been performed. This means that in the integrand of the expressions in eqs. (1.24) and (1.28), the parameter m goes to zero but cannot be set to zero.
To proceed further we divide momentum space into 16 regions and calculate each fermion species contribution to the anomaly separately. It is known that in the ordinary (nearest neighbor) generalized Wilson fermion action (the action of eq. (1.2) with the next nearest neighbor terms) one has on the lattice 16 fermion species instead of the one expected in the continuum. All of them except one have a mass of the order of the cutoff. In 
p=l (cask ~-cos2k)p dk;
2(k)+S2(k)]2 [M2(k)+S2(k)]3
one can easily show that the integrand of Aj(r, m) and A/(r, m = 0) can be expressed as a total derivative
After integrating over one momentum in (1.38) and in (1.39) we get
where we have set ~r/2 We have therefore shown that the improved action gives the correct anomaly in the continuum limit, and that the deviation in one loop level from the tree level axial Ward identity is zero. In figs. 2a and 2b we present the behavior of I(r, m) for the Wilson and improved fermion actions as a function of r and m, respectively. A comparison between them shows (see fig. 2c ) that the improved action gives a more reasonable value for the anomaly coefficient at finite m than the Wilson action. for finite and not too small quark mass in the Wilson fermion case. When the improved action is used the splitting should increase significantly. A too small value for the 7/' mass was in fact suggested by recent numerical studies at g2 = 1 [8] .
2. Relationship between decay constants on the lattice and in the continuum. A set of quantities that can be easily computed by Monte Carlo simulation are the meson decay constants. It is known that the values of the meson decay constants on the lattice in the Wilson case are about a factor two larger than their experimental values [8] . The authors of ref. [9] have computed the first order perturbative correction that relates the continuum and lattice local operator in the Wilson case. But it appears that the corrections are still too small to compensate for the observed discrepancy.
Let us give here some predictions for these quantities in the case of the improved action. The relevant local operators used in Monte Carlo simulation to measure the meson masses and decay constants are of the form for r = 1 and SU(3).
Conclusions.
In this paper we have presented some analytic results for the axial vector current anomaly and the finite renormalizations of local currents on the lattice for the improved fermion action. This allowed us to investigate the regularization dependence of the anomaly and discuss the possible relevance of our results for the problem of computing the r~' mass in lattice QCD. Since we have found the anomaly coefficient for f'mite quark mass to depend significantly on the fermion action regularization, we expect a similar situation to arise also in the case of the 7?' mass.
